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Abstract
For an affine toric variety X we compute the Poincaré series of the multi-index filtration defined by a
finite number of monomial divisorial valuations on the ringOX,0. We give an alternative description of the
Poincaré series as an integral with respect to the Euler characteristic over the projectivization of the space
of germsOX,0. In particular we study divisorial valuations on the ringOCd ,0 that arise by considering toric
constellations. We give an explicit formula for the Poincaré series and a nice geometric description. This
generalizes an expression of the Poincaré series for curves and rational surface singularities.
© 2007 Elsevier Inc. All rights reserved.
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A. Campillo, F. Delgado and S.M. Gusein-Zade computed the Poincaré series of the multi-
index filtration on the ring of germs of functions in two variables defined by orders of a function
on the branches of a reducible curve singularity in [C,D,G-Z2] and [C,D,G-Z5]. For plane curves
they showed that the Poincaré series coincides with the Alexander polynomial of the link of
the singularity. An intuitive motivation for this phenomenon is still missing. Also for an arbi-
trary collection of plane divisorial valuations the Poincaré series has been studied, see [D,G-Z].
In [C,D,G-Z6] the Poincaré series of the multi-index filtration on the ring of germs of functions
on a rational surface singularity defined by the multiplicities of a function along components of
the exceptional divisor of a resolution of the singularity has been computed.
These Poincaré series can be written in several ways. They can be described by the fibers of the
corresponding extended semigroups. They also have the shape of an integral with respect to the
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and [C,D,G-Z6]). This notion is similar to the notion of motivic integration and has been intro-
duced in [C,D,G-Z3]. Furthermore, one has a description at the level of the modification space.
As the following shows, for an arbitrary affine variety X with a finite set of divisorial valua-
tions on the ring of germs OX,o, with o a point on X, the multi-index filtration induced by the
valuations does not always permit to define its Poincaré series.
Let k be an arbitrary field. The Poincaré series of X is given by a multi-index filtration
with index set Zr that is induced by a set of discrete valuations {ν1, . . . , νr} of OX,o. For
v = (v1, . . . , vr ) ∈ Zr , such valuations induce complete ideals I (v) := {g ∈ OX,o | νi(g)  vi,
1  i  r}. When the center of each valuation νi , i.e. the set {g ∈ OX,o | νi(g) > 0}, is the
maximal ideal m of OX,o (1  i  r), the k-vector spaces I (v)/I (v + 1) have finite dimen-
sion. Let us denote d(v) := dim I (v)/I (v + 1). Then the series L(t1, . . . , tr ) =∑v∈Zr d(v)tv
is a well-defined Laurent series. Let v and v′ be vectors in Zr , let j ∈ J := {1, . . . , r} and
suppose that vi = v′i for all i ∈ J \ j . If vj  0 and v′j  0, then I (v) = I (v′) and hence∏r
i=1(ti − 1)L(t1, . . . , tr ) ∈ Z[[t1, . . . , tr ]]. The Poincaré series is then defined as
P(t1, . . . , tr ) =
∏r
i=1(ti − 1)L(t1, . . . , tr )
(t1 · · · tr − 1) .
However, if one of the valuations ν1, . . . , νr does not have its center at m, then one cannot define
the series L. Indeed, suppose νi (1 i  r) is a valuation with center at the prime ideal pi which
is different from m. If g ∈OX,o and ν(g) = v, then choose a function h ∈ m \ pi . Now for each
n ∈ Z0 one has that ghn ∈ I (v) and ghn /∈ I (v + 1) and, as all the ghn (n ∈ Z0) are linearly
independent over k, it follows that d(v) is infinite.
In this article we work over the field k = C. We compute the Poincaré series for affine toric
varieties and provide some equivalent descriptions for the Poincaré series such as exist in the
cases of curves, rational surface singularities and plane divisorial valuations. As an interesting
example, we study the case of divisorial valuations on the ring OCd ,o (d  2) that are created by
toric constellations.
1. Poincaré series of an affine toric variety
Let σ ⊂ N ⊗Z R be a rational finite polyhedral strongly convex d-dimensional cone, where
N = Zd . Let M be the dual space to N , then there is a natural bilinear map M × N → Z :
(m,n) → 〈m,n〉. The dual cone σˇ to σ is defined as the set {m ∈ Rd | 〈m,x〉 0,∀x ∈ σ }. When
S is a semigroup in σˇ ∩M that generates σˇ as cone, then also S is finitely generated. Without loss
of generality, we assume that M is also the group generated by the semigroup S. We consider
C[S] as the S-graded algebra ⊕s∈S Cχs . Let X be the affine toric variety Spec(C[S]). Note
that X is a normal variety if and only if S = σˇ ∩ M . Let π : X′ → X be an equivariant proper
birational morphism, X′ being another toric variety. An irreducible codimension 1 subvariety D
of X′ induces a discrete valuation νD of C(X) and so an element nD of N that acts as follows:
nD : M → Z,
m → νD
(
χm
)
.
If D is an irreducible component of X′ \ T then nD is a primitive element in σ ∩N . Vice versa a
primitive element n in σ ∩N defines a discrete valuation ν of C(X) by setting ν(∑m∈F amχm) =
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π : X′ → X. Such valuations are usually called monomial valuations.
As we saw before, the valuations inducing the Poincaré series must have the unique 0-
dimensional orbit of X as center. If D is an irreducible component of codimension 1 of X′ \ T ,
then π(D) is the closure of the orbit that is associated to the unique face τ of σ such that τ˚
contains nD . This means that the valuations that we are considering correspond bijectively to the
primitive elements of σ˚ ∩N . In what follows we identify both notions. The above correspondence
also stands for non-primitive elements in σ˚ ∩N and non-normalized monomial valuations.
We compute the Poincaré series PX,H of the affine toric variety X with respect to an arbitrary
set of divisorial monomial valuations H = {ν1, . . . , νr} such that H ⊂ σ˚ . In what follows ν
stands for the vector (ν1, . . . , νr ) and by 〈s, ν〉 we mean the vector (〈s, ν1〉, 〈s, ν2〉, . . . , 〈s, νr 〉).
We define the monomial cone C as the cone generated by the values that can be obtained by
valuating monomials, i.e. the cone generated by the set {ν(m) | m monomial in C[S]}.
One has a Z-linear map φ : M → Zr given by φ(m) = 〈m,ν〉. This map induces the following
map among Laurent series groups
Φ : Z[[M]] = Z[[u1, . . . , ud, u−11 , . . . , u−1d ]]→ Z[[Zr]]= Z[[t1, . . . , tr , t−11 , . . . , t−1r ]],∑
i
λiu
m →
∑
i
λi t
〈m,ν〉.
Notice that for each commutative group Γ the Laurent series group Z[[Γ ]] is in fact a Z[Γ ]-
module, and that the assignment of this module to Γ is functorial.
In particular, for our given semigroup S, one has the multi-graded Poincaré series of com-
mutative algebra Q(u) =∑s∈S us which is an element of Z[[S]] and so can be interpreted as an
element in Z[[M]]. In fact, this multi-graded Poincaré series is usually expressed as a rational
function having Q(u) as power series expansion. The Poincaré series in geometry PX,H (t) is an
element in Z[[Nr ]] and so also an element of Z[[Zr ]]. The following result shows the relationship
between both Poincaré series.
Theorem 1. The Poincaré series PX,H defined by the multi-index filtration induced by H and as-
sociated to the multi-graduation of S, is the image under Φ of the Poincaré series of commutative
algebra of the semigroup S, i.e.
PX,H (t) = Φ
(
Q(u)
)
.
Proof. For a set A ⊂ {i1, . . . , is}, let αA be the function
αA : Zs → Zs ,
v → v′
where v′i = vi − 1 if i ∈ A and v′i = vi if i /∈ A.
Then, for v ∈ Zr , the coefficient of tv in ∏ri=1(ti − 1)L(t1, . . . , tr ) is
(−1)r
∑
(−1)#A dim I (αA(v))
I (αA(v)+ 1)A⊂{1,...,r}
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(−1)r+1
∑
A⊂{1,...,r}
(−1)#A dim I (αA(v))
I (αA(v)+ 1)
+ (−1)r+1
∑
A⊂{1,...,r}
(−1)#A dim I (αA(v)− 1)
I (αA(v))
+ (−1)r+1
∑
A⊂{1,...,r}
(−1)#A dim I (αA(v)− 2)
I (αA(v)− 1) + · · · .
This finite sum can be rewritten as
(−1)r+1
∑
A⊂{1,...,r}
(−1)#A dim C[S]
I (αA(v)+ 1) .
Every subset A ⊂ {1, . . . , r} can be written in a unique way as A1 × A2, with A1 ⊂ {2, . . . , r}
and A2 ⊂ {1}. We group the terms having the same component A1 and we get
∑
A⊂{1,...,r}
(−1)#A dim C[S]
I (αA(v)+ 1)
=
∑
A⊂{2,...,r}
(−1)#A#{χs ∣∣ 〈s, ν1〉 = v1, 〈s, (ν2, . . . , νr )〉 αA(v2, . . . , vr )+ 1}.
We go on simplifying in the same way, so now we write every subset A ⊂ {2, . . . , r} as A1 ×A2,
with A1 ⊂ {3, . . . , r} and A2 ⊂ {2} and so on. At each step we group the terms having the same
component A1 and we obtain∑
A⊂{3,...,r}
(−1)#A+1#{χs ∣∣ 〈s, ν1〉 = v1, 〈s, ν2〉 = v2,
〈
s, (ν3, . . . , νr )
〉
 αA(v3, . . . , vr )+ 1
}
=
∑
A⊂{4,...,r}
(−1)#A+2#{χs ∣∣ 〈s, ν1〉 = v1, 〈s, ν2〉 = v2, 〈s, ν3〉 = v3,
〈
s, (ν4, . . . , νr )
〉
 αA(v4, . . . , vr )+ 1
}
...
= (−1)r−1#{χs ∣∣ 〈s, ν〉 = v}.
Hence the Poincaré series PX,H (t) is∑
v∈Zr
#
{
χs
∣∣ 〈s, ν〉 = v}tv. 
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Since σ is d-dimensional and strongly convex, one has that N(v) is finite for every v.
The semigroup of X with respect to the set of valuations H is
SH =
{
v ∈ Zr ∣∣ v = ν(g) for some g ∈OX,o}.
Let g be a function in I (v), say g =∑si=1 λimi where the mi are monomials and the λi are
complex numbers (1 i  s). For j ∈ J , we denote by aj (g) the part ∑i∈Kj λimi , where Kj =
{i | νj (mi) = vj }, and by a(g) = (a1(g), . . . , ar (g)). The set SˆH = {(ν(g), a(g)) | g ∈OX,o} is
a semigroup with respect to the summation of the components ν and multiplication of the parts
a and is called the extended semigroup. This notion showed up for the first time in [C,D,G-Z1]
where it was introduced for plane curves. Later this notion has been extended in the study of the
Poincaré series of plane divisorial valuations and rational surface singularities.
For j ∈ J , denote by Dj(v) the complex vector space I (v)/I (v + ej ) where ej is the r-tuple
with j th component equal to 1 and the other components equal to 0. Consider the application
jv : I (v) → D1(v)× · · · ×Dr(v),
g → (a1(g), . . . , ar (g))= a(g).
Let D(v) be the image of the map jv . Then D(v)  I (v)/I (v + 1) and we define Fv as D(v) ∩
(D∗1(v)× · · · ×D∗r (v)) where D∗j (v) denotes Dj(v) \ {0}, j ∈ J . Having the map
ρ : SˆH → SH ,(
ν(g), a(g)
) → ν(g),
Fv can also be expressed as ρ−1(v) and therefore one also calls the spaces Fv the fibers of the
extended semigroup SˆH . For v ∈ SH , the space Fv is the complement to an arrangement of vector
subspaces in the vector space D(v). Moreover Fv is invariant with respect to multiplication by
non-zero constants. Let PFv = Fv/C∗ be the projectivization of Fv . It is the complement to an
arrangement of projective subspaces in the projective space PD(v).
As the ideal I (v) is a monomial ideal, one can see the space Fv as the set of functions g =∑s
i=1 λimi in OX,o (the mi are monomials and the λi,1 i  s, are complex numbers different
from 0) for which ν(g) = v and for which for all i ∈ {1, . . . , s} holds that mi ∈ I (v) and that
there exists a j ∈ J such that νj (mi) = νj (g). If a function g with ν(g) = v has this form, we say
that g is in reduced form. We write supp(g) for the support of g, which is the set {mi | 1 i  s}.
Now let us fix v ∈ Zr . Let M be the set of all monomials that can appear in the support of
some g in PFv , so M = {m monomial | m ∈ I (v) and ∃j ∈ J : νj (m) = vj }. Note that M is a
finite set. For a subset L of M, let ν(L) be the vector w ∈ Zr with wj = min{νj (m) | m ∈ L},
j ∈ J .
Proposition 1.
P(t) =
∑
v∈Zr
χ(PFv)t
v.
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PFv =
⋃
L⊂M,ν(L)=v
{
g ∈ PFv
∣∣ supp(g) = L}.
For ΛL = {g ∈ PFv | supp(g) = L}, one has that χ(ΛL) = χ(C∗k) = 0 for some k ∈ Z>0 when
L is not a singleton, and χ(ΛL) = 1 when L is a singleton. This gives us
χ(PFv) = N(v). 
This result can also be obtained by the combinatorial proof given in [C,D,G-Z2] or in
[C,D,G-Z3]. Actually their proof works for every variety for which the Poincaré series exists.
Exploiting the fact that our varieties are toric, we obtain this explicit and much shorter proof.
Analogously to the case of curves and rational surface singularities, we write the Poincaré
series as an integral with respect to the Euler characteristic over the projectivization POX,o. We
first recall this notion, introduced in [C,D,G-Z3] and inspired by the notion of motivic integration
(see for example [D,L]). It was developed to integrate over POCn,o what is not allowed by the
usual Viro construction where one integrates with respect to the Euler characteristic over finite-
dimensional spaces (see [V]). It can be extended to integrals over POX,o, for X an arbitrary
variety.
Let m be the maximal ideal in the ring OX,o and for k ∈ Z0, let J kX,o = OX,o/mk+1 be
the space of k-jets of functions on the toric variety X. For a complex vector space L (finite of
infinite-dimensional) let PL = (L \ {0})/C∗ be its projectivization and let P∗L be the disjoint
union of PL with a point. One has a natural map πk : POX,o → P∗J kX,o.
Definition. A subset A ⊂ POX,o is said to be cylindrical if A = π−1k (B) for a constructible (i.e.
a finite union of locally closed sets) subset B ⊂ PJ kX,o ⊂ P∗J kX,o.
Definition. For a cylindrical subset A ⊂ POX,o (A = π−1k (B), B ⊂ PJ kX,o), its Euler character-
istic χ(A) is defined as the Euler characteristic χ(B) of the set B .
Let ψ : POX,o → G be a function which takes values in an abelian group G.
Definition. We say that the function ψ is cylindrical if, for each g ∈ G,g = 0, the set ψ−1(g) ⊂
POX,o is cylindrical.
Definition. The integral of a cylindrical function ψ over the space POX,o with respect to the
Euler characteristic is ∫
POX,o
ψdχ :=
∑
g∈G,g =0
χ
(
ψ−1(g)
) · g
if this sum makes sense in G. If the integral exists, the function ψ is said to be integrable.
Let Z[[t]] = Z[[t1, . . . , tr ]] be the group with respect to the addition of formal power series in
the variables t1, . . . , tr . We have the map ν : POX,o → Zr . Let tν be the corresponding function
with values in Z[[t]].
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P(t) =
∫
POX,o
tν dχ.
Proof. For v ∈ Zr0, let N = 1 + max{vi | 1 i  r} and let Yv = {jNg ∈ PJ NX,o | g ∈ PFv} ⊂
PJ NX,o. Then {g ∈ POX,o | ν(g) = v} = π−1N (Yv). Consider the map
α : Yv → Fv,
jNg → a(g).
This map is C∗-invariant and so can be considered as a map α : Yv → PFv . As α is a locally
trivial fibration whose fiber is a complex affine space we obtain∫
POX,o
tν dχ =
∑
v∈Zr
χ(Yv)t
v =
∑
v∈Zr
χ(PFv)t
v = P(t). 
2. Poincaré series of Cd induced by a toric constellation
In this section we look at the particular case where X is Cd endowed with the action of the
torus T ∼= (C∗)d (d  2). We study the Poincaré series of Cd where the modification π is given
by a toric constellation C with origin. Let us first recall the basic notions in the context of toric
constellations (see for example [C,G-S,L-J]).
Let Z be a variety obtained from X by a finite succession of point blowing-ups. A point
Q ∈ Z is said to be infinitely near to a point O ∈ X if O is in the image of Q; we write QO .
A constellation is a finite sequence C = {Q0,Q1, . . . ,Qr−1} of infinitely near points of X such
that Q0 ∈ X = X0 and each Qj is a point on the variety Xj obtained by blowing up Qj−1
in Xj−1, j ∈ J . When Qj is a 0-dimensional T -orbit in the toric variety Xj , for j ∈ J , the
constellation is said to be toric.
The relation ‘’ gives rise to a partial ordering on the points of a constellation. In the case
that they are totally ordered, so Qr  · · ·Q0, the constellation C is called a chain.
For every Qj in C, the subsequence Cj = {Qi | Qj Qi} of C is a chain. The integer l(Qj ) =
#Cj − 1 is called the level of Qj . In particular Q0 has level 0. If no other point of C has level 0
then Q0 is called the origin of C.
A tree with a root such that each vertex has at most d following adjacent vertices is called a
d-ary tree. There is a natural bijection between the set of d-dimensional toric constellations with
origin and the set of finite d-ary trees with a root, with the edges weighted with positive integers
not greater than d , such that two edges with the same source have different weights. We simply
say ‘weights’ when we want to refer to the weights on the edges. The weights indicate in which
affine chart the points of the constellation are created (see [C,G-S,L-J] for details).
Let Ej (j ∈ J ) be the irreducible components of the exceptional divisorD created by blowing
up the constellation C = {Q0,Q1, . . . ,Qr−1} and let ξj be the generic point of Ej (j ∈ J ). Then
OX,ξj is a discrete valuation ring. We denote the induced valuation by νj .
We denote the matrix of the linear system of equations 〈s, ν〉 = v by L(C) and we denote the
column vectors of L(C) by v1, . . . , vd . Let C be the cone in Rr generated by v1, . . . , vd . Note0
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can be generated by a part of a basis of Zr . If L(C) has rank s and if s < d , then the cone is said
to be degenerated.
Example.







Q0
Q2Q1
21





 Q4Q3
21
Suppose d = 4 and C is the constellation pictured at the left. By blowing up in the origin Q0 we
get an exceptional variety B0 ∼= P3. In B0 there are 2 points in which we blow up, namely Q1
and Q2. For example the point Q1 is the origin of the affine chart induced by the weight 1, we
shortly denote this affine chart by ‘1.’
After blowing up in Q1 we get an exceptional variety B1 ∼= P3, where again we blow up in 2
points. The point Q3 is the origin of the affine chart ‘1–1’ and Q4 is the origin of the affine chart
‘1–2.’ The associated linear system L(C) is⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
a + b + c + d = v1,
a + 2b + 2c + 2d = v2,
2a + b + 2c + 2d = v3,
a + 3b + 3c + 3d = v4,
2a + 3b + 4c + 4d = v5
and C is the cone 〈(1,1,2,1,2), (1,2,1,3,3), (1,2,2,3,4)〉 ⊂ R50 which is obviously degen-
erated.
To know the Poincaré series one can use Theorem 1. Let v1, . . . , vd be the column vectors
of L(C). Then it follows by Theorem 1 that
P(t) = 1
(1 − tv1) · · · (1 − tvd ) .
One can also obtain P(t) by computing the numbers N(v) = #{s ∈ Nd | 〈s, ν〉 = v} for each
v ∈ Zr . We determine them as later these values will be useful for us. The following proposition
gives some properties of the cone C which will allow us to compute the numbers N(v).
Proposition 3.
(1) C is a regular cone;
(2) C is degenerated if and only if the number of different weights appearing in the constellation
is less than or equal to d − 2.
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d − 2, then at least 2 columns in L(C) are equal and C is degenerated. Suppose that the number
of different weights is bigger than d − 2, say that 1, . . . , d − 1 are weights appearing in the
constellation and let Q1, . . . ,Qd−1 be points in the constellation such that Qi is a point with
minimal level arising in an affine chart induced by the weight i and such that whenever Qi Qj
and Qi = Qj , then i > j (1 i, j  d − 1).
The linear equations induced by the origin Q0 and by Q1, . . . ,Qd−1 give rise to a linear
system whose determinant can be supposed to be of the form∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 1 1 · · · · · · 1
1 2 2 · · · · · · 2
∗ a2 − 1 a2 · · · · · · a2
∗ ∗ a3 − 1 a3 · · · a3
...
...
...
...
...
...
∗ · · · · · · ∗ ad−1 − 1 ad−1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 1 1 · · · · · · 1
−1 0 0 · · · · · · 0
∗ −1 0 · · · · · · 0
∗ ∗ −1 0 · · · 0
...
...
...
...
...
...
∗ · · · · · · ∗ −1 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
where a2, . . . , ad−1 are integer numbers. As this determinant is equal to 1, the cone C is regular
and non-degenerated.
Now if C is degenerated, and generated by s = rank(L(C)) vectors then there are s − 1
different weights appearing in the constellation. In the same way as above we obtain a (s × s)-
determinant which is equal to 1 such that also in this case C is regular. 
Note that it follows from the proof that saying that the cone C is degenerated, is the same as
saying that there is one column that appears at least twice in L(C) and that there are no other
linear dependencies between the columns of L(C).
• If C is non-degenerated then N(v) = 1 if v ∈ C, else N(v) = 0. Suppose that v1, . . . , vd are
the column vectors of the linear system L(C). As C is regular, we obtain again
P(t) = 1
(1 − tv1) · · · (1 − tvd ) .
• When C is degenerated, let then v1, . . . , vs be the s different vectors that generate C and let
vs be the vector that appears at least twice as column vector in L(C). As C is regular, one can
write each v ∈ C in a unique way as v = λ1v1 +· · ·+λs−1vs−1 +λvs , for some λi, λ ∈ Z0
(1 i  s − 1).
Setting k = d − s + 1, a simple calculation shows that
N(v) =
(
k + λ− 1
λ
)
if v ∈ C, else N(v) = 0. Using that ∑λ∈Z0( k+λ−1λ )xλ = 1(1−x)k , one sees again that
P(t) = 1
(1 − tv1) · · · (1 − tvs−1)(1 − tvs )k .
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1
(1 − t1t2t23 t4t25 )(1 − t1t22 t3t34 t35 )(1 − t1t22 t23 t34 t45 )2
.
For curves, rational surface singularities and plane divisorial valuations, there exists a de-
scription of the Poincaré series at the level of the modification space. Let D =⋃rj=1 Ej be the
exceptional variety with irreducible components Ej , j ∈ J . We denote by ˚Ej the smooth part of
the irreducible component Ej , i.e. without intersection points with all other components of the
exceptional divisor. Let M = −(Ei ◦Ej) be minus the intersection matrix of the components of
the exceptional variety D. Let νj be the discrete valuation on the local ring OX,o induced by Ej .
The semigroup of values S := {ν(g) | g ∈OX,o} is exactly the set of vectors {v ∈ Zr0 | vM  0}.
For a topological space E, let SnE = En/Sn (n 0) be the nth symmetric power of the space E,
i.e. the space of n-tuples of points of the space E (S0E is a point).
Campillo, Delgado and Gusein-Zade construct the space
Y =
⋃
{v∈S}
(
r∏
j=1
Snj ˚Ej
)
,
where vM = (n1, . . . , nr ) =: n(v). For g ∈ OX,o, g = 0 and v = ν(g), the number nj (v) is
equal to the intersection number of the strict transform of g with Ej . Let Yv be the connected
component
∏r
j=1 Snj ˚Ej of Y , where (n1, . . . , nr ) = n(v). They show that
P(t) =
∑
v∈Zr
χ(Yv)t
v. (1)
In the case of curves and plane divisorial valuations, this description induces the elegant formula
of the Poincaré series where the exponents can be written as the Euler characteristics of the
smooth parts ˚Ej .
In what follows we prove a generalized form of (1) for toric constellations. I want to thank
Sabir Gusein-Zade for the very stimulating conversation about this subject.
For j ∈ J , let Bj be the projective (d − 1)-dimensional exceptional variety that is created by
blowing up the point Qj in Xj . When we want to refer to the strict transform of Bj at some
intermediate stadium, we also write Ej . If g ∈ OCd ,o, then we write gˆ for the strict transform
at the end of the process as well as for the strict transforms of g in the intermediate stadia. For
v ∈ Zr , we define the set
Dv :=
{{gˆ = 0} ∩D ∣∣ g ∈OCd ,o, ν(g) = v and {gˆ = 0} does not contain
any non-empty intersection Ea ∩Eb, a, b ∈ J, a = b
}
.
Obviously to know Dv it is sufficient to consider the elements g in PFv . We make a topological
space of it as follows. We write Ev for the sum
∑r
i=1 viEi and M for the line bundle associated
to Ev . The restriction R of OZ(−Ev) ⊗ M−1 to D is a line bundle and as D is a projective
variety, the global sections of R form a finite-dimensional vector space. For g ∈ Fv , the divisor
gˆ ∩D is the divisor of zeroes of a global section of R. Then Dv can be seen as a subset of the
projectivization of this vector space.
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∑
v∈Zr
χ(Dv)t
v.
To achieve the result we will construct a subspace Zv of PFv that has the same Euler char-
acteristic as PFv and such that there exists a homeomorphism of Zv with Dv . Then Theorem 2
will follow by Proposition 1.
The obvious candidate for the space Zv is the set
Zv :=
{
g ∈ PFv
∣∣ {gˆ = 0} does not contain any non-empty
intersection Ea ∩Eb, a, b ∈ J, a = b
}
.
Lemma 1.
χ(Zv) = χ(PFv).
Proof. Let g =∑si=1 λimi be in reduced form and suppose that Ea ∩ Eb = ∅ for some a and
b in J , a = b. If g contains Ea ∩ Eb then also gμ = ∑si=1 μimi contains Ea ∩ Eb, for all
μ = (μ1, . . . ,μs) ∈ C∗s . This yields that
χ(Zv) = χ
({
g ∈ PFv
∣∣ g a monomial and {gˆ = 0} does not contain any
non-empty intersection Ea ∩Eb, a, b ∈ J, a = b
})
= χ({g ∈ PFv | g a monomial})
= N(v)
= χ(PFv). 
Now we investigate the map
φ : Zv → Dv,
g → {gˆ = 0} ∩D.
The following lemma tells us how {gˆ = 0} ∩D looks like.
Lemma 2. Consider g ∈ PFv , a function in reduced form, say g = ∑si=1 λimi . For j ∈ J ,
let Λg,j be the set {m ∈ supp(g) | νj (m) = vj }. Then the equation of {gˆ = 0} ∩ Ej is∑
mi∈Λg,j λimˆi = 0 in every affine chart where the intersection {gˆ = 0} ∩Ej is visible.
Proof. When {gˆ = 0} ∩ Bj = ∅, then in an affine chart covering Bj ∼= Pd−1 it can be described
by the equation
∑
i∈K λimˆi = 0 wherej
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{
i
∣∣ νj (mi) = min{νj (m) ∣∣m ∈ supp(g)}}
= {i ∣∣ νj (mi) = vj}
= Λg,j .
Now Lemma 2 follows directly. 
Note that mˆ can be equal to 1 in some affine chart covering Ej (j ∈ J ). However, there exists
always a j ∈ J such that {mˆ = 0} ∩Ej = ∅.
Let us have a look at the following example. Lemma 2 allows us to deduce quickly a necessary
condition on a subset S of PFv for the sets {g ∈ S} and {{gˆ = 0} ∩ D | g ∈ S} to be in 1–1
correspondence.
Example (Continued). Let v be (6,11,10,14,18). Take g(x, y, z,u) = y2z4 + x3y4 + x14. The
values of the monomials in the support of g are:
ν
(
y2z4
)= (6,12,10,18,22), ν(x3y4)= (7,11,10,15,18) and
ν
(
x14
)= (14,14,28,14,28).
Lemma 2 tells us that the equation of gˆ ∩ E1 in an affine chart where the intersection is visible,
is ŷ2z4. For gˆ ∩ E2 it is x̂3y4, for gˆ ∩ E3 it is ŷ2z4 + x̂3y4, for gˆ ∩ E4 it is x̂14 and for gˆ ∩ E5
it is x̂3y4. It follows that the strict transform of h(x, y, z,u) = y2z4 + x3y4 +μx14, with μ = 0,
has the same intersection with D as gˆ.
We formalize what the example shows. As in Proposition 1, write PFv as the disjoint union⋃
L⊂M,ν(L)=v ΛL. Let L be a support appearing in this disjoint union. For j ∈ J , we define ΛL,j
as the set of monomials m in L such that νj (m) = vj . The observation made in the example shows
that the map
φL :
{
g ∈ PFv
∣∣ supp(g) = L}→ {{gˆ = 0} ∩D ∣∣ g ∈ PFv and supp(g) = L},
g → {gˆ = 0} ∩D
certainly cannot be a bijection if there exists a subset D of J , with the following properties:
∃a, b ∈ J : a ∈ D, b /∈ D,
( ⋃
d∈D
ΛL,d
)
∩
( ⋃
d /∈D
ΛL,d
)
= ∅. (2)
Indeed, if such a subset D exists, then write g = ga + gb where supp(ga) =⋃d∈D ΛL,d and
supp(gb) =⋃d /∈D ΛL,d . Then by Lemma 2 it follows that for gλ = λaga + λbgb , the transforms
{ĝλ = 0} and {gˆ = 0} have the same intersection with D for all λ = (λa, λb) ∈ C∗2. We claim
that also the converse is true.
Proposition 4. Let L ⊂M be as above. If for all a, b ∈ J , a = b, holds that there exists no sub-
set D with a ∈ D, b /∈ D and (⋃d∈D ΛL,d)∩ (⋃d /∈D ΛL,d) = ∅, then the map φL is a bijection.
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m again. So suppose m in L. Take a j ∈ J such that νj (m) = vj and such that {mˆ = 0} ∩ Ej
is visible in an affine chart in the final stadium, say in the chart presented as c1 − c2 − · · · − ct .
Take the subchain of the constellation with consecutive weights c1, c2, . . . , ct−1 and add an edge
with weight ct at the top. We call this new chain K . For i ∈ {1, . . . , d}, let QKi be the point
with maximal level of K for which the weight going out from QKi is i, if this point exists. If
m = xn11 xn22 · · ·xndd , then the equation of mˆ in the considered chart is
x
f1(n1,...,nd )−h1
1 x
f2(n1,...,nd )−h2
2 · · ·xfd(n1,...,nd )−hdd ,
where fi is the left-hand side of the linear equation induced by the point QKi in L(C) if QKi
exists and fi(n1, . . . , nd) = ni if this point is not defined. The value hi is equal to vKi if QKi
exists and else hi = 0.
Now suppose that mˆ∩Ei = xn
′
1
1 x
n′2
2 · · ·x
n′d
d is given. When Qj exists for every j ∈ {1, . . . , d}, it
follows from Proposition 3 that the linear system {fj (n)− hj = n′j }1jd has a unique solution
for n. If not all points Qj are defined, one also sees immediately that the linear system {fj (n)−
hj = n′j }1jd is regular.
(2) Let g and h be two functions in PFv with the same support L. Write g =∑si=1 λimi
and h =∑si=1 μimi , with λi and μi different from 0 (1  i  s). Suppose that {gˆ = 0} ∩D =
{hˆ = 0} ∩ D and that λj = μj . For lack of a subset D of J with property (2) and because of
part (1) of the proof, it follows that λi/μi = λj/μj , for all i ∈ J and so g = h. 
The functions we are interested in are the functions g such that {gˆ = 0} does not contain any
non-empty intersection Ea ∩Eb . They can be characterized as follows:
Lemma 3. Let a and b be different elements of J such that Ea ∩Eb = ∅. Then
{gˆ = 0} contains Ea ∩Eb

there is no m in supp(g) for which νa(m) = va and νb(m) = vb.
Proof. Suppose that there is no m in supp(g) for which νa(m) = va and νb(m) = vb . In an affine
chart where one sees Ea ∩Eb, one has
gˆ = ĝa + gˆb + rˆ , Ea ↔ xa = 0, Eb ↔ xb = 0
where ga is the part of g with supp(ga) = {m ∈ supp(g) | νa(m) = νa(g)}, gb is the part of g with
supp(gb) = {m ∈ supp(g) | νb(m) = νb(g)} and r is g − ga − gb. From Lemma 2 it follows that
ĝb + rˆ ∈ (xa) and ĝa + rˆ ∈ (xb). Then also gˆ ∈ (xa, xb) and hence {gˆ = 0} contains Ea ∩Eb.
When {gˆ = 0} contains Ea ∩Eb, there exists an affine chart in which one has
gˆ = xaga + xbgb + xaxbgr , Ea ↔ xa = 0, Eb ↔ xb = 0,
with ga /∈ (xb) and gb /∈ (xa). If m ∈ supp(g) such that νa(m) = va and νb(m) = vb , Lemma 2
implies that mˆ ∈ supp(xaga)∩ supp(xbgb) what is impossible. 
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we see that if gˆ does not contain Ea ∩ Eb, then there exists no D ⊂ J for which a ∈ D, b /∈ D
and (
⋃
d∈D ΛL,d)∩ (
⋃
d /∈D ΛL,d) = ∅. Note that the other implication is false in general (see for
example the constellation given above with a = 1 and b = 2).
We denote
Zv,L :=
{
g ∈ Zv
∣∣ supp(g) = L} and Dv,L := {{gˆ = 0} ∩D ∈ Dv ∣∣ supp(g) = L}.
Then we can write Zv as a disjoint union⋃L Zv,L where for each L holds that there is no subset
D of J satisfying condition (2). Proposition 4 tells us that the map
ψL : Zv,L → Dv,L,
g → {gˆ = 0} ∩D
is a bijection and then part (1) of the proof of Proposition 4 allows us to conclude that the map
φ : Zv → Dv,
g → {gˆ = 0} ∩D
is bijective.
Now by Lemma 2 one can see that φ is a homeomorphism. Then we have that χ(Zv) = χ(Dv)
which completes the proof of Theorem 2. 
Corollary. Let v1, v2, . . . , vs be the different columns of the linear system determined by the
constellation. Then
P(t) = 1
(1 − tv1)χ(Dv1 ) · · · (1 − tvs )χ(Dvs ) .
Proof. When the cone C associated to the linear system L(C) is non-degenerated, then one has
for each vi (1  i  s) that χ(Dvi ) = N(vi) = 1. If C is degenerated then we have for all but
one vi (1 i  s) that χ(Dvi ) = N(vi) = 1. For the column v that appears more than once, one
gets χ(Dv) = N(v) = k, with k = d − s + 1. 
As a consequence of Theorem 2 and the corollary, we obtain that the value χ(Dv) can be
calculated from the values χ(Dv1), . . . , χ(Dvs ) and k.
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